INDETERMINATE FORMS

If f(x) and g (x) are two functions, then we know that

- lim f(x)
lim f(x) _ 1za &

x—a g(x) lim g(x)
' x—a :

If im f(x) =0and lim g(x) =0, then the expression % 1s said to have the indeterminat
X—=a Xx—=a alx
form 0" at x = 0.
If lim f(x) ==, limg(x) = ==, then f(x) is said to have the indeterminate form .
x—a x—a g{x} 5o

The other indeterminate forms are oo — e, 0 X o=, 07, 1%, o',

0
2.1.1 Indeterminate Form m

Here, we shall give a method called L Hospital's rule to evaluate the limits of the expressions which

L)

take the indeterminate forms — and —

0
> Hospital’s Theorem

Let f(x) and g (x) be two functions such that
(1) Im f(x)=0and lim g(x)= 0
x—a

Xx—a

(2) f"(a) and g’ (a) exist and g’ (a) # 0

then, lim M = lim w
X—ra g(x} r—sq g l;x]
If f’(a)= 0 = g'(a), then this theorem can be extended as follows:

lim M — lim fﬁi{t)

c—a g(,r) x—=a g (x)

. f”,(.x]

= lim——, if f(a) =0 = g"(a)
x—a g {r} f g
and so on.
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WORKED OUT EXAMPLES

. X—sinx
1. Evaluate: lim ———-
x— x‘?
. . X—sInx
Solution [ = lim -
xr—0 x
By L’ Hospital rule
. 1—cosx
[ = lim E
x—0 31‘
. sinx
= lim
=0 6y
CcOoSs X 1
= lim =—
x—0 A
tan x — sin x
2. Evaluate: lim —_—
x—=0 SN x
. . tanx —sinx
Solution L = lim——

¥—0 sin- x

sin x

—sinx
= lim COSX

r—=0 5.1113 X

, 1—cosx
= ]lm 2—
x—=0 s8In” xcosx

By L’ Hospital rule

sin x

= lim =
1—0 —gin” x + 2sinxcos” x

1 1
= lim 5 7= =
x=0 —sin-x+2cos"x —0+2

1

2

form

form

2|Page



a.\' _ bx
3. Evaluate: [im — )
=0 smXx

) . ax _ b.r
Solution L = lim—
r—0 sInx

By L’ Hospital rule

~ lim a’ loga—b"logh

x—0 CcCOsSX

loga —logh
1

- of3]

X sin x
.2'
8.\: _}}

4. Evaluate: lim
x—0 (

. : xsinx
Solution L = lm———

x—=10 (E‘I _ 1}_
By L’ Hospital rule

XCOSX + sinx

L = lim -
x50 g(ex — 1.) 6"

.  —XSINX+COSX + COSX
= lim

=0 226 -]

2
= ——=1

2(2-1)

Ix ' v
. e —(1+x)

10. Evaluate: lim — —.
=0 xlog(I+ x)

e —(1+ x}z
Solution L = lim - -
x—0 xlog (1+x)

0
—| form
._U_
o]
—| form
L 0]
0
—| form
3

0
—| form
5

0
— | form
[0}
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By L’ Hospital rule

11. Evaluate: If [im

x—=0

Solution

Given

By L’ Hospital rule

At

2x (
= lim 2e 2(1+x) [%} form

R +log (1+ x)
+x

. 4e** =2 4-2
lim 1 l = =1,
=0 4 1+1

[:]+x)2 1+x

X {:f —a cosx} + bsinx
3

= % find a and b.

X
1 . x{'l—acc-sx)+bsinx 0
— _ lim 22 — | form
3 r—=0 x3
. l—acosx+xasinx+ bcosx
= lim 5
x—0 3x°

x = 0, the numerator = 1 — a + b.

In order that the limit should exist, we must have
l—-a+b =20 (1)
Applying L’ Hospital rule with this assumption, we get

Hence,

Solving (1) and (2),

1 asinx+a {'xcosx+sinx}—bsinx [D}
— = lmm - — | form
3 =0 6x
I acosx+a [: —xsinx+cosx+cosx}—bcosx
- .rinﬂ 6
B a+2a—b
a 6
1 3a—b
3 6
3a-b =2 .(2)
1, _ =1
we get a = 7 b=
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2.1.2 Indeterminate Forms o= — o= and 0 x =

L’ Hospital rule can be applied to limits which take the indeterminate forms o= — o= and () x <=, First

T

we transform the given limit in the form — or — and then by use L'Hospital rule to evaluate the

limit.

WORKED OUT EXAMPLES

1] oo

7

1. Evaluate: lim |:——

x—=0| x x

Solution L =

Hence, required limit L

By L’ Hospital rule =

4. Evaluate: Iim tan x log
x—=0

Solution L =

By L’ Hospital rule =

] log {:i + t}]

- PM]

r—=0| x x°

) .x—log{'l—i-x'}
lim 5
r—0 X
- 1
lim al
v —0
X
. 1+ x
lim
r—=0 2x
) 1
= ]lm.—
.r—>ﬂ2(1-|—x}
|
=5

Iim tan x log x
r—0

. logx
lim g
r—=0 cotx

1

lim X
r—=0 —cosec™x

[m — m] form

|

0

—} form

[0 x (— ==)] form

[_

=]

o

—} form
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- 2
—s5ln X

— lim
x—=0 X
. —2sinxcosx
= lim = (.
x—0 1
- ) 1 1
5. Evaluate: lim == — -
x—=0 x” sSin~x
. ) 1 1
Solution L= lm| —-—
=0 ¥y  smn”x
. osintx—x°
— llmﬁ
—0 xTsin” x
. sinfx—x° X’
= lim " X—
=0 X sIn- X
- 7 gl
SIN” x— Xx . -
= lim Z x lim —
x— X x—=0) Sin_ X
. sinx . X
[llm =1 .. lim — =1]
x—»0 X =0 siny
. sin“x—x
= lim 1
a0 Y
By applying L Hospital rule
. 2sinxcosx—2x
= lim 3
x—0 4x
. sin2x-—2x
= lll’l’]—3
x—30 4x
. 2cos2x-—2
= ]m—j
x—=0 12x°
. cos2x—1
— llrﬂ—2
x—0 6x
- 2
. —2smn” x
= ll]'ﬂ—2
x—0 6_x

|

0

0

} form

[ee — ==] form

[E} form
0

|:E} form
0

|:E} form
0

(> 1 — cos 2x = 2 sin® x)
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7. Evaluate:

Solution

By L’ Hospital rule

8. Evaluate: lim log

Solution

lim (I — tan x) sec 2x.

b3
X—3—
r

X—a

|

X
a

L

= lim (1 — tan x) sec 2x
P
4
. l—tanx
= lim
X cos2x
. —sec’x -2
= l]m - = = l .
L —2sin2x -2
4
] cot(x —a).
= lim log [2 - E] cot(x —a)
x—3a Il ’

log (2—5]
: a
= lm————
r—a tan(x—a)

[0 % ==] form

0
{—} form
0

[0 % ==] form

0
|:—} form
0
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By L’ Hospital rule =

lim :
x—d SEC_(I_ a}

).

¥

2.1.3 Indeterminate Forms 0%, 1=, «?, 0~

X .18 lx)
Let L = r]l_tg {f {;‘f}} - If L takes one of the indeterminate forms DD, 17, =" 0" then taking

logarithm on both sides, we get

log L = li_1>n g (x) log f (x)

Then, log L will take the indeterminate form 0 x <= and which can be evaluated by using the

method employed in preceding section.

WORKED OUT EXAMPLES

1. Evaluate: lim (1 + sin x)*'*.

x—=0

Solution L

Taking logarithm on both sides
log L

=

By L’ Hospital rule

log L

lim (1 + sin x)*'*

r—0

lim cot x log (1 + sin x)
xr—0

r—0 tan x

i=0sec? x(1+sinx)  1(1+0)

[17] form

[e= x 0] form

. log(1+sin x) {D}
lim : 0 form

. cosx/1l+sinx
im

2
r—=0 sec” x

) COS X 1
lim

1

€ = E.
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2. Evaluate: lim (tan x)™ %~
xe?

Solution L =

Taking logarithm on both sides

log L =

By L’ Hospital rule

) tan x \
3. Evaluate: lim [ Jx )
x—=i X

Solution L =

(Since, lim

=lasx —=0)
x—=0 X

Taking logarithm on both sides

log L =

lim (tan x)™ >

lin}I tan 2x log (tan x)

log tan x

_r_,; cot 2x

sec’ x/tan X

2
% —2cosec” 2x

2
—Ss8€C X

ol
+—X 2tan x cosec” 2x

~(v2)

x—0

lim [tan X J.r'

) 1 tan x
lim — log
x—0 xZ X

(17) form

[== x 0] form

0
|:—} form
0

[17] form
[== x 0] form
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tan x

log 0
= lim —zx |:_j| form
r—0 X D
By L’ Hospital rule

tanx 2

| xsec” x—tanx
X

= lim X
=0 2x

. xsaec2 x—tan x
= lim — | form

2
x—=0 2x° tan x

g y
sec” x + 2xsec” xtan x — sec” x

= lim 5 2
x—0 2 [x sec” x + 2x tan x]
sec” 0
) x tan x
= lm 5 |:_:| form
x—0 ysec” x+2tanx 0
Again By L’ Hospital Rule
) sec’ xsec? x+ tan x- 2 sec” x tan x 1
]Dg L = lim 5 5 - 2 = —
x=0 gec .x+x(2 sec xtan.x}+25&c X 3
L = ',
4, Evaluate: [im (I + 12)""_x.
. . —X E_W =0 0
Solution L= lim (1+ 2% [=="] form
x—p oo | —
Taking log on both sides
log L = lim & log (1 + x7) [0 x =] form
X — o
log (] + xz.} 00
X —»oo E.x o
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By L’ Hospital rule

= Ilim
X —» o0

= Ilim
X —r o

2x (]+x2:}

x
e

2x

(] +x2) e’

2

= lim
X —F o0

log L =0

(] +x2) e" +2xe”

L=2¢=1.

5. Evaluate: lim (sec x)™ ~.

E
X3 —

2

Solution L = l'm}r

]Dg L = llm
n

By L’ Hospital rule

(SBC x)CDl X

cot x log sec x

log sec x

tan x

sec x-tan x

S¢C X

2
S5¢C X

tan x

2
5€C X

sin x cos x =0

[«"] form

[0 x ==] form

=Jom
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